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Given a class ~ of (so called "forbidden") graphs, ex (n, ~qT) denotes the maximum number 
of edges a graph G n of order n can have without containing subgraphs from ~ .  If ~C~acontains 
bipartite graphs, lhen ex (n, .~?)=O(n ~-*) for some c>0, and the above problem is called de- 
generate. One important degenerate extremal problem is the case when C.ok, a cycle of 2k vertices, 
is forbidden. According to a theorem ofP. Erd6s, generalized by A. J. Bondy and M. Simonovits [32, 
ex (n, {C2k})= O(nl+a/k). In this paper we shall generalize this result and investigate some related 
questions. 

0. Notation 

We shall restrict our  consideration to ordinary graphs without  loops and 
multiple edges. I f  G is a graph, e(G), v(G), and z(G) will denote the number  
o f  edges, vertices, and the chromat ic  number  respectively. As an alternative way 
to indicate the number  o f  vertices, we shall use superscripts. More  precisely, we 
agree that  a capital letter with a superscript always denotes a graph and the superscript 
always denotes the number  o f  vertices in this graph. Kp, Cp, Kp, q and Ck, t denote  
the complete p-graph,  the cycle o f  length p, the complete bipartite graph with 
p and q vertices in its classes, and the (k, t)-theta-graph, respectively. (The 
(k, t )- theta-graph is obtained by joining two vertices x and y by t vertex-inde- 
pendent  paths o f  length k.) Some further notat ions will be introduced later. 

I. Introduction 

Given a family o f  so called forbidden graphs,  one can ask:  

Problem 1. What  is the maximum number  o f  edges a graphs G" (of  n vertices) 
can have without  containing any LCL:  as a subgraph?  

This number  will be denoted by ex (n, ~ ) ,  or by ex (n, L), if ~ consists 
o f  one graph L. EX (n, .L#) denotes the family o f  those graphs for which tho maxi- 
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mum is attained. These graphs will be called extremal for ~ .  Here we shall con- 
sider only ordinary graphs without loops or multiple edges, although analogous 
questions are also investigated for multigraphs, diagraphs and hypergraphs, (see 
[2], [5], [17]). To be quite precise, the expression "containing an L ~ "  always 
means "containing a subgraph L' isomorphic to some LC~ cp''. 

Let us define the subchromatic number p(£e) by 

(1) p(5¢) = min z ( L ) -  1. 
• LCL~' 

The valne of ex (11, ~ )  is asymptotically given by a theorem of  Erd6s and Simo- 
novits [12] stating that 

(2) ex (n, LP) = 1 - p  +o(n2). 

Further, they proved in [6], [7], and [16], that if S"CEX (n, Se) then it can be 
obtained from a complete p-partite graph K,,1,,,~ ....... p (where n~ is the size of the 
i th class) by changing o(n "°) edges only. The classes are approximately of the same 
size: n ;=~+o(n ) .  The minimum degree d (S" )= ( l -~ -+o(1 ) )n .  The meaning of 
of these results is that the structure of the extremal graphs depends above all on the 
subchromatic number of ~e, and only very loosely on the actual members of it. 
Therefore it is very similar to the structure of the extremat graph T,,,p in Tur~in's 
famous theorem [19], where ~ =  Kv+x is fi'obidden. Thus the structure of extremal 
graphs for p ~ 2  can be regarded as asymptotically sufficiently well described. 

The situation suddenly changes as we turn to the case p =  1. Now the first 
term of (2) vanishes and the error term o(n 2) is much larger than the actual value 
of ex (n, £P). This case will be called degenerate. One of the first results in this 
field is the 

K~ivfiri--T. S6s--Turfin theorem [15]. ex (n, Kv.q)=O(n2-~/v). Some finite geo- 
metric constructions of E. Klein [8] and W. G. Brown [4] show that the above 
theorem is sharp for p--1, 2, 3, q ~ p ,  and it is conjectured that it is sharp for every 
p and q ~ p .  For Ko~, and K~,~ even the multiplicative constant of n 3/'2 is 
known, [4], [11]. Here we are primarily interested in the case of even cycles. (For 
odd cycles ex(n, Cok+l)=[n2/4] if n>,0(k).) An unpublished theorem of 
P. Erd6s asserts that 

1 

(3) ex (n, C2~) = O (n~+~-). 

(Later Bondy and Simonovits [3] published a proof of a generalization of this result, 
see also [2].) Analyzing their proof, Bondy and Simonovits arrived at the conjecture 
that if Ck,t denotes the (k, t)-theta-graph, that is, the graph of order 2 + t ( k - 1 )  
obtained by joining two vertices x and y by t vertex-independent paths of 
length k, then 

1. 

I+T, (4)  ex (,7, C~.,) = O (n ), 

too. (The length of a path is the number of its edges.) Obviously, this would gen- 
eralize (3), since Ck,2=Czk. However, the method of Bondy and Simonovits was r~ot 
,~pplicable to Ck,~. 
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(5) 
This yields that 

In this paper we shall prove a general "recursion theorem" which will yield, 
among others the above conjecture: 

Theorem 1. Given two integers k and t, there exists a constant ek,,>O, such that 

1 
l + ~ -  

e x  (11, Ck, t) ~ Ck, tn  

As to the sharpness of  Theorem 1, we think that even (3) is sharp for every 
k ~ 2 ,  which would immediately imply the sharpness of  Theorem 1. Some finite 
geometrical constructions of  Singleton and Benson [18], [I] and f rom [4] show that  
(3), and therefore Theorem 1 as welt, is sharp for k =2 ,  3 and 5. It  may seem strange, 
but the case k = 4  is still unsettled. Recall that (using random graphs) Erd6s and 
R6nyi [10] proved that if  v(L) =v, e(L) = e  and % > 0  is a sufficiently small constant, 
then the probability that a random graph with n labelled vertices and [CL n2-v/e] 
edges contains L is less than 1. Thus 

2 _ v  
e x ( n , L ) > C L n  ~, (CL > O). 

o-- $ (k - -1 )+2  1+ I 2 

(6) ex ( . ,  Ck,t) :> Ck,t" n- ,k = Ck, t n k tk 

for some constant c£,t:>0. Here the exponent tends to 1 + 5  k as t ~ 2 .  In this 
(rather weak) sense Theorem 1 is sharp. 

Another consequence of  (5) is that the K6vfiry--T.  S6s--Tur~in theorem is 
also sharp in the sense that 

1 1 o_  
(7) ex(n, Kp,,,) > c * , n -  v q, (cp, q > 0 )  

and here the exponent tends to 2 - ±  if p is fixed and q ~ .  
P 

As we have already mentioned, Theorem 1 will be deduced from a much more 
general result. To formulate this we need a definition. 

Definition 1. Let T be an arbitrary bipartite ~ a p h  with a fixed 2-colouring C using 
red and blue. Take a vertex w not belonging to T and join it to each red vertex 
of  T by pairwise vertex-independent paths of  length k -  1. The resulting graph will 
be denoted by L t = L k ( T ,  C). 

Remark.  If  T is connected, then it has exactly two 2-colourings with red and blue. 
I f  it has k components, the number of  colourings is 2 k. Hence we may get 2 k dif- 
ferent graphs Lk front the same T. 

Examples. Figures 1 and 2 represent the cases T = C 6  and T=K,, ,3,  respectively, 
In the second case we get t-wo different L'ks, (k=5) .  

I 

I 
o 

o 
I 

Fig. 1 
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Theorem 2. I f  T is a tree (or a forest) with a given 2-colour&g C by red and blue, 
then for Lk=Lk(T, C) 

1 

(8) ex (n, L~) = O (n 1+-c). 

Obviously, if  T=KI, ,  and c colours the t-vertex class of K~,, by red, 
then Lk=Ck,,. Hence Theorem 2 implies Theorem 1, consequently it implies (3) 
as well. 

As a matter of fact, we shall prove a slightly more general result. To formulate 
it we need 

Definition 2. Let L be a given bipartite graph with a fixed 2-colouring by red and 
blue, and colour the first class of a K,,, red, the second one blue. Then ex* (n, L) 
denotes the maximum number of edges a subgraph G" of  K,,, can have without 
containing an L whose blue and red vertices are in the blue and red class of K,,,,. 
(Thus, the graph G" considered here is allowed to contain an L whose red vertices 
are in the blue class, or, if L is not connected, then it may also happen that the 
considered subgraph G" contains an L which has red vertices in both classes of  
K . , . )  

Remark. In principle ex* (n, L) may be much larger than ex (n, L). 

Theorem 2*. Under the conditions of Theorem 2 
1 

(8*) ex (11, Lk) <- ex* (n, Lk) = O (nl+T). 

Remark. Let T, C, and k be fixed as in Definition 1, and fix also an odd integer 
s_->l. Let Lk,,=Lk,~(T, C) denote the graph obtained from T by fixing a new 
vertex w and joining each red vertex of  T to w b y a  path of length k - 1  and 
each blue vertex by a path of  length k + s - l ,  so that these paths are vertex-inde- 
pendent and have only their (other) endvertices in common with T (see figure 3). 
Now, as we shall see, if T is a tree, then 

1 

(9) ex* (n, Lk,.O = 0 (hi+T). 

,~- . . . .  l 

I 

l 

k . . . . .  1 

Fig. 3 

t . _ _ _ _ ~ . J  

Fig. 4 
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Since Lk, s ~--Lk, (9) seems to be much stronger than Theorem 2*. However, 
they are equivalent. To see this, let 3'1, .-., )'q denote the blue vertices of  T. Let 
T~ be the graphs obtained by fixing q new vertices zl . . . .  ,zq and joining y~ to 
z~ for i = 1 ,  2, ..., q by vertex-independent paths of  length s, where we assume 
that these paths have no vertices in T but their endvertices y~. Clearly, T s is 
again a tree, therefore we may apply Theorem 2* to T~ and the colouring C'  
obtained by extending the original colouring C of T onto Ts. It is easily seen 
that Lk(T~, C')~_Lk,,(T, C). Hence, by Theorem 2*, 

1 

(10) ex* (n, Lk, s) ~ ex* (n, Lk(T~, C')) = O(nl+T). 

This proves (9). Clearly, the above argument applies also to the case, when for 
different blue vertices we choose (possibly) different s'es. 

The methods of this paper also yield 

Theorem 3. Let T be an arbitrary bipartite graph for which 

(11) ex* (n, T)  = O(n2-~), 

c~+c~- + ... +c~ k-2 
or some eC(0, 1]. Then for  /3= 1 + ~ + . . . + ~ k - 2  

(12) ex (n, Lk) <= ex* (n, Lk) = O(n2-P). 

Theorem 3 is not a direct generalization of  Theorem 2", since for c~=l it 
gives only a weaker estimate, namely 

1 

ex* (n, Lk) = O(n 1+ k-l).  
~ +c~2 + ... +~r,-1 

Probably Theorem 3 could be improved : fl could be replaced by f l ' -  
l + ~ + . . . + c c  k-~'  

and in this case we would have a proper generalization of  Theorem 2". Here we 
give only a sketch of  the proof  of  Theorem 3 and we are going to return to a more 
detailed discussion of the corresponding general problem in a next paper. 

2. The "Blowing up" method 

Denote by _d(G) the minimum degree in G. We shall use 

Proposition 1. (Erd6s). Ever), graph G n contains a bipartite subgraph H" such that 
_d(H")~-d(G") ,  

Proposition 1 follows immedaitely from the following, sharper 

Proposition 2. (Erd6s). Let H be a bipartite subgraph of G having the maximum 
number of edges, and let d~(x) and do(x) denote the degrees in the corresponding 

y>l graphs. Then for every vertex x of  G dH(X)=~da(x). 

We shall also need the following "regularization" lemma. 

Proposition 3. (Folklore) Every graph G ~ contains a subgraph H" such that 
d(H") ~ e (G")/n. 
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The proof  of  Proposition 3 is trivial by induction on n: for n = 1, 2 it is true, 
and if we have a G", then either all vertices have degree >=e(G")/n, or we can de- 
lete one, say x, with d(x)<e(G")/n. Clearly, for G " - I = G " - x ,  

e(G "-1) e(G") 
n--1 n 

Thus we may apply the induction hypothesis to G "-1. 

Lemma 1. Let L be a fixed bipartite graph with a fixed colouring (in red and blue). 
Let T be a tree and M be the graph obtained from vertex-disjoint copies of L and 
T by ident~ving a vertex x of L and a vertex y of T. Then 

ex* (h, L) ~ ex* (h, M) ~ ex* (h, L)+v(M)h .  

In particular, if L is just a vertex, we have 

ex* (h, T) ~ v(T)h  

Proof. We may assume that L has no isolated vertices. Let G h be a bipartite graph 
with the colour-classes V1 and V~, and assume that 

e(G h) > ex* (tl, L)+v(M)h.  

Delete all vertices of  degree <v(M) .  Then the remaining graph G k contains 
an L, since 

e(G k) ~- e(Gh)-(  h - k  )v( M) > ex* (h, L) + kv( M). 

By definition, we may also assume that the red vertices of  L are in V~, 
the blue ones in V~. Then we build up an M in G k as follows. Since T is a tree, 
we may define a sequence of  graphs M.i ( j  =0,  1, ..., v(T)), so that M0=L,  M~.(r)=M 
and MI is obtained from M,_a by adding a new vertex ui and a new edge (ui, wi). 
(Mi has v(L)+i  vertices and Wl is in Mi_l). We prove by induction on i that 
a copy /14; of  Mi occurs in G k. L = M  ec_G k. Assume that ATti_ 1 is a copy of  
M~_~ in G k. Find the #; corresponding to w~ in M,._,. To get a copy of M~ in 
G k we may choose any neighbour u~ of fi",- but the ones in 37t~_~. Since the degree 
of  wi is at least v(M) in Gi, we can ]ix a neighbour ui~ V(M~-0,  thus obtaining 
a copy 37t i of  M; in G k. 

Lemma 2. Let G ~ be a bipartite graph with colour-classes U and V, [V I >= 1U I, 
and assume that G m contains no L with its red vertices in U. I f  ex* (n, L ) ~ K n  ~--~, 
then 

(13) e(G") ~ 4K]V I • IU] ~-y. 

Proof. Partition the vertex-set V into [ ~J--~]] sets V~ . . . .  , V~ of  sizes at least IUI, 
at most 2[gl. Then thesubgraph  Gj spanned by U and Vj has a t m o s t  4KIU! "-~' 
edges. Thus 

e(G m) ~ ~ 4 K I U ] ' - ' - "  = 4KIV[, ]gp-~'. II 
i t J l  
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Corollary 1. Using the notation of Lemma 2, set d=e(G')/lU I. (Clearly, this is the 
average degree in U.) Then 

(14) IV] ~ ~-~d]UI ~'. 

Proof. (14) immediately follows from 

d]U I = e(G") <= 4K]U[1-~IVI. | 

The above assertions were more or less trivial. The next lemma is different in 
the sense that this is where the heart of  the proof  is hidden. 

Lemma 3. Let T be a bipartite graph with a fixed two-colour#~g C. Let ex*(n, T) 
<=1<#7 2-~ for some constants K and 7. For a given k assume that the bipartite 
graph H contains no Lk=Lk(T, C). Let u be a vertex of H and Si denote the set 
of  vertices oJ'distance i from u, i = 1 , 2 ,  . . . , p + l ~ k - 1 .  If  L) Si spans a tree 

F in H and each vertex of 5'p is joined to Sp+l by at least r/2 edges, where for 

m=v(Lk), r~ (K+m)v(H)  1-~', then for c p = ~  - 3 2 ( K + m )  ' 

(15) ls,+,l -~ c~i'lS~F. 

Proof. We shall use induction on p. For p = 0  (15) is trivial, since IS0] =1,  [S~I >=r/2, 
and Co= t/2. Assume Lemma 3 for p - - ] .  Now we shall prove it for p. 

Let $1= {ul, ..., UR}. We shall say that a vertex w c S  is above u i, if  the 
path joining w to u in the tree S goes through uj. The vertices above uj and 
the vertices of  Sp+~ joined to them satisfy the conditions of  Lemma 2 with p -  1. 
Finally, each vertex of  Sp is (still) joined to at least r/2 vertices of  Sp+l. 

Hence we can apply the hypothesis to each u i: if Aj denotes the set of  
vertices of  S above ui in Sp, 1Ajl=aj and if B~- is the set of  vertices in S'p+~ 
joined to A i by an edge, then for b2=lBj[ we have 

(16) b~ -~ cp_tra~, 

~ ~  ~:',-o-~-~..ioi,-,~d ~o ~o,,y A i '~ 
S ~ + 1  c o n , 

\ 
\ ~ . . . . .  \ - - t  \ 4  - - - \  I / -  - - / /  

t ",~o 
1_ 

Fig. 5 
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Here the sets Aj are disjoint, therefore Z, aj=]@[. Thus 

(17) X bj >-_ %_lr Z a ~ >= Cp_1]Spl' 

(since 0<7~=1). We would be home if the Bfs  were disjoint, but generally they 
are not. The basic idea below is that either there are many vertices belonging only 
to a few Bfs  and this case is almost the same as if the Bj's were disjoint, or many 
vertices of @+~ are covered many times and then we can apply Lemma 2, more 
precisely, its corollary. 

(A) First we define the strong vertices and strong edges. A vertex wC@+a 
will be called strong, if it belongs to at least m=v(Lk) sets Bj, that is, if  w is 
joined to at least m different sets Aj. An @@+a-edge whose endvertex in @+1 
is strong will also be called strong. We assert that if B is the graph spanned by 
the strong edges, s = k - p - 2  and Ts is the graph obtained from T by hanging 
independent s-paths on each red vertex of  T, then B cannot contah~ a T~ whose 
endvertices are in @+~. 

Indeed, assume that B contains a T, with q red vertices and the new end- 
vertices of the corresponding s-paths are wl .. . .  , wqCSp+ 1. Since these vertices 
are strong, we may choose q edges (t~, w3 in B so that the vertices t~ belong to 
q diffbrent A~.~_ S.. Join each t~ to u by a p-path, thus we get q vertex-inde- 
penclent paths 'of  length k - 1  from the red vertices of  T to u: we get an Lk~_H. 
This contradiction proves the assertion. 

(B) Assume next that 
r 

(18) e(B) ~- V [s~l. 

By Lemma 1, ex* (n, T~)<=(K+m)~1 ~-;'. By Lemma 2 (as in the proof of  Corollary 1) 
r 

we obtain that B has at least 32(K+m) ISpi~ vertices in Sp+l. Indeed, denote 

the set of these vertices by V. Then we show that ]V]= > ]@], from which, by Corol- 
lary 1, 

1 r 
ISp+~l-----IVl ~ (K+m) 8 Is'Iv 

immediately follows. To show that I vI => ]sol, observe that otherwise v(B)<2 [Spl 
and e(B)>-~v(B)>(K+m)v(B) 2-r. Thus B contains a Ts with its endvertices 
in Sp+t. This was excluded. 

(C) Finally, we assume that 

(19) e(B) < r 

Let W be the (bipartite) graph defined by the weak SpSp+ 1 edges. There are at 
least 1/2ISp[ vertices in Sp incident to ->r/4 weak edges, (otherwise there were at 
least 1/2[Sp[ vertices in Sp incident to ~r/4 strong edges, which contradicts (19)). 

I f  ~j~_Aj denotes the set of vertices incident with >=r/4 weak edges and 
/~j denotes the set of other endvertices of these weak edges (in Sp+O, then a sub- 
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tree Fj "joining" /~i to 
a~j=[Ai], bj=lBjl and r/2: 

(instead of  (16)) and 

u i enables us to apply the induction hypothesis with 

b~ >= cp_l-~a~, 

F 

Since now we work with weak vertices and edges, each vertex of  U/~j is counted 
at most rn times in ~/~j.  Thus 

1 r 

On the other hand, Z ~ j - - I U i j I =  > 1/218~1, therefore 

F 
Is,+d --> c , - l a -  lsp7 --> cp,'ls l'. 

Corollary 2. Under the conditions of  Lemma 3, if 7 = 1, then 

ISp+ l --> %rlSp[. 
Remark. For  arbitrary bipartite T we can prove Lemma 3 only if  p + l - < _ k - 1 .  
However, if  T is a tree, then T, is also a tree, and in part (A) of  the proof  we can 
easily build up T s in the graph B (of the strong edges) vertex by vertex, so that each 
vertex of  T~ be in different A t or in Sp+l. Indeed, if  we have already fixed a sub- 
tree T*~T,  in B and we wish to add an edge (ui, w~) to it, where u~ must be 
chosen from Sp, then w~ is strong, therefore u~ may be chosen from at least 
m different A / s  and we have used up at most m - 1  of  them. This observation 
will be crucial in our proof  of  Theorem 2*. 

3. Proof of Theorem 2* 

By Propositions 1 and 3 it is enough to prove that if the graph G" is bipartite 
and all the degrees are at least r=(100 (K+m))k'n 1/k then G" contains Lk, where 
K and m were defined in Lemma 3. Suppose G"~=L~. 

Fix a vertex u and denote by Sp the set of  vertices having distance p from u. 
We shall prove by induction on p that 

(a) 15,-11 "< 1 is,[ for p <= k, and 

1 
(b) [Spl => Ypr p if p -< k and Yp = (100(K+m))p~. 

The assertion is trivial for p =  1. Assume that we have it for some p<k and wish 
to prove it for p ÷ 1. For each vertex w C Sj, a path Pw of  length p can be fixed, 
joining w to u, and therefore meeting each level just once. Choosing these paths 
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one by one we may also easily achieve that the union of  these paths forms a tree F. 
If we knew that each w~Sp is joined to at least r/2 vertices of  Sp+l, then, applying 
Lemma 3, we would immediately obtain the more important assertion, namely, (b). 
However, it many occur that a small number of  vertices of  Sp are joined by many 
edges to Sp_l and by a small number of edges to Sp+a. 

Let S* be the set of vertices of  Sp joined to Sp+a by less than r/2 edges. 

[+ 1 These vertices are joined to Sp_~ by at least r/2. edges. Let sp_a:= Is~_~l , 

We show that IS*[<sp_~. Indeed, otherwise we can fix an S ' c_S*  with s~_~ 
vertices and apply (14) with U = S ' ,  V =Sp_~: 

k 

, ,  /7 ,  
lSp_l] > c'r IS"-~l > logn ]Sp-ll, 

which is a contradiction if n is sufficiently large. Put Sp= Sp--S . By (a) (applied 
with p) we have 1~,[_>-l/2]S,I, and each vertex of Sp is joined to S~+, by at 
least r/2 edges. Replacing the tree F by the corresponding subtree if, we may 
apply Lemma 3: 

r ~p+lrP+l" (20) [Sp+,t ~ c , " l g ,  I ~ c , T  IS, I > 

If  n is sufficiently large, then (a) is trivial from (20). 
As mentioned in our last Remark, if T is a tree, then the argument above is 

valid not only for p +  1 ~ k -  1, but for p +  1 = k  as well. However, this would give 
ISkI-~qrk>n, a contradiction. | 

4. Sketch of the proof of Theorem 3 

The above argument can easily be generalized to an arbitrary T, however, 
we have to fix a lower bound on r yielding the contradiction ]Sp]>=n already for 
p = k - 1 .  A short calculation yields that !S1]>=r, 

and, in general, 

Is.I = • . . . . .  

We get the desired contradiction, if gk-l-'l+~+"'+'~ ,>=n, which yields that if G" 
contains no L k, then for some large K, 

1 
k 1+ 

e(G") <- n l+,+,--+...+=k-, 

and this is an equivalent form of Theorem 3. I 

The method used in this paper could be called "blowing up"  method, since 
the sets lSpl are forced to grow rapidly by the condition that G" contains no L k. 
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R e m a r k ,  As  we  have  m e n t i o n e d ,  T h e o r e m  3 can  be  i m p r o v e d .  W e  shall  r e tu rn  
to  the  de ta i l ed  d i scuss ion  o f  the  genera l  case  in a n o t h e r  paper .  H e r e  we  m e n t i o n  
only ,  tha t  ( a m o n g  others)  o n e  w e a k  p o i n t  in t he  p r o o f  o f  T h e o r e m  3 is t ha t  we use  
~a~>-_(~a~) ~', w h i c h  is def in i te ly  w e a k  i f  we h a v e  m a n y  a~'s and  they  h a v e  a p p r o x i -  
ma te ly  t he  s a m e  size. 
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